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Local characteristics of crystal electronic structure in the Hartree–Fock method
V. A. Veryazov, A. V. Leko, and R. A. Évarestov
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The formalism developed in molecular theory for calculation of local electronic-structure
characteristics in a nonorthogonal atomic basis is generalized to systems with translational
symmetry. Expressions have been derived to describe the bond orders, covalency, and
valence in a crystal for restricted and unrestricted Hartree–Fock methods. Nonempirical electronic-
structure calculations and an analysis of chemical bonding in the TiO2, Ti2O3, and TiO
titanium oxide crystals have been performed. ©1999 American Institute of Physics.
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The band theory of solids is usually employed to co
sider characteristics of the electronic structure of a cry
which are associated with the potential periodicity and
corresponding electronic-state delocalization over the c
tal, namely, the electronic energy bands, effective mas
etc. At the same time crystals, like molecules, are made u
atoms interacting with one another, which gives rise to el
tronic density localization along bonds~covalent crystals!,
around atomic nuclei~ionic crystals!, or to the more complex
and most widespread pattern of electronic density distri
tion.

In the recent decade, the Hartree–Fock~HF! method in
the LCAO approximation, which had been already succe
fully employed for a long time in molecular theory, ha
gained wide acceptance in calculations of the electro
structure of crystals.1 The HF method compares well in ac
curacy with other approaches while being, at the same ti
the best starting approximation to take into account e
tronic correlations.2 This method enables nonempirical ca
culations of both band and local characteristics of the e
tronic structure of a crystal and can be extend readily
cover systems with lower-order periodicity~polymers and
crystal surfaces in the plate model!.1!

The density matrix obtained in the calculation perm
one to derive the characteristics employed usually when
scribing chemical bonding in molecules or crystals~the elec-
tronic configuration of an atom, atomic chargesQA , atomic-
bond ordersWAB and covalencyCA , and the total and free
atomic valencesVA!.

In molecular theory, the local electronic-structure ch
acteristics were defined for the orthogonalized atomic b
used in approximate calculations, with subsequent gene
zation to the case of a nonorthogonal basis employed in
calculations.3,4

The first attempts at a theoretical determination of lo
electronic-structure characteristics of crystals have b
made only quite recently, and then only for the orthogo
basis5–7 used in semiempirical versions of the HF method

Note that determination of local characteristics by tra
tional methods of band theory for solids, which make use
a rule, of the plane-wave basis~OPW, APW, density func-
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tional!, involves additional approximations to calcula
electronic-density-matrix elements in an atomic basis.8

The present work generalizes the existing methods
determination of local electronic-structure characteristics
crystalline systems, which are calculated in terms of the b
model in the LCAO approximation using a nonorthogon
atomic basis. An analysis is made of the one-determin
approximation for a multi-electron wave function of a crys
within the restricted~RHF! and unrestricted~UHF! HF ap-
proaches.

Section 1 considers the electronic-density operator
matrix in the atomic-orbital basis and derives an express
which relates the density-matrix elements in the atomic ba
and the Bloch basis taking into account the translatio
symmetry of a crystal.

Section 2 introduces definitions of local electroni
structure characteristics in a nonorthogonal atomic basis
different versions of the HF method.

Section 3 discusses the results of nonempirical HF c
culations of the local electronic-structure characteristics
crystalline titanium oxides for various degrees of oxidatio

1. CRYSTAL ELECTRONIC-DENSITY OPERATOR AND
MATRIX IN THE LCAO APPROXIMATION

Consider the most widespread version of the HF meth
where, for the multi-electron wave function of a molecule
crystal, one takes a determinant constructed from sin
electron wave functions, i.e., spin orbitalsc i

s(r ), where
s5a,b are spin functions.

The single-electron functions are calculated by solv
the HF equations2

S 2
1

2
D1V~r !1E r rr 8

ur2r 8u
d3r 8Dc i

s~r !

2
1

2 E r rr 8
ur2r 8u

c i
s~r 8!d3r 85Ei

sc i
s~r !. ~1!

The two-electron part of the Fock operator depends
the density matrix, which for a one-determinant wave fun
tion can be expressed through spin orbitals
6 © 1999 American Institute of Physics
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r rr 85r rr 8
a

1r rr 8
b

5(
s

(
i

occ

c i
s~r !c i

s* ~r 8!. ~2!

The summation in Eq.~2! is carried out over the spin orbital
corresponding to occupied single-electron states.

Closed-shell systems are analyzed using the R
method, which requires coincidence of the spatial orbit
corresponding to spinsa andb @c i

a(r )5c i
b(r )#. In the RHF

method, the spinless density operatorr̂52( i
occuc i&^c i u sat-

isfies the conditions of duodempotency

r̂252(
i

occ

uc i&^c i u2(
j

occ

uc j&^c j u

54(
i j

occ

uc i&d i j ^c j u52r̂. ~3!

In the UHF method, the orbitals for spinsa and b are
considered independently, i.e., one takes into account
polarization for electrons with opposite spins. The dens
operatorsr̂a andr̂b for electrons with spinsa andb and the
total-density operatorr̂ satisfy the relations

r̂5 r̂a1 r̂b ; r̂a
25 r̂a ;

r̂b
25 r̂b ; r̂25~ r̂a1 r̂b!252r̂2 r̂s

2, ~4!

wherer̂s5 r̂a2 r̂b is the spin-density operator.
The single-electron functionsc i

s used in the LCAO ap-
proximation for molecules are presented in the form o
linear combination of basis atomic otbitals

c i
s5(

l
Cil

s wl . ~5!

By applying the density operatorr̂s to the atomic orbitalwm

one obtains

r̂suwm&5(
i

occ

uc i
s&^c i

suwm&5(
i

occ

(
n

(
l

Cin
s* Cil

s Slmwn

5(
n

~PsS!nmwn , ~6!

whereSmn5*wm* (r )wn(r )dr are elements of the overlap ma
trix S, andPnl

s 5( i
occCin

s* Cil
s . Equation~6! means that the

density operatorr̂s in the LCAO basis is presented by th
(PsS) matrix.4

The operator relations~3! and ~4! can be used to derive
matrix relations

~PS!252~PS!, ~7!

~PS!252~PS!2~PsS!2, ~8!

for the RHF and UHF methods, respectively, withP5Pa

1Pb andPs5Pa2Pb.
The crystal orbitalsC i

s(k,r ) for systems with transla
tional symmetry are presented in the LCAO approximat
in the form of a linear combination of Bloch sums of th
F i(k,r ) atomic functions

C i
s~k,r !5(

m
Cim

s ~k!Fm~k,r !, ~9!
F
ls

in
y

a

n

Fm~k,r !5(
n

exp~ ikRn!wm~r2RA2Rn!. ~10!

The wm
An(r )5wm(r2RA2Rn) atomic orbital is centered on

atom A in the unit cell with a translation vectorRn . The
density operator for the crystal can be written

r̂s5
2

VBZ
E

BZ
(

i

occ

uC i
s~k,r !&^C i

s~k,r !udk. ~11!

Integration in Eq.~11! is performed over the vectorsk in the
first Brillouin zone.

Taking into account Eq.~9!, we obtain

r̂swm
A0~r !5(

ln
~PsS!lm

Bn,A0wl
Bn~r !, ~12!

where

~PsS!lm
Bn,A05

1

VBZ
E

BZ
~Ps~k!S~k!!lm exp~ ikRn!dk.

~13!

The matrix elementsSmn(k) and Pmn
s (k) in the basis of

Bloch sumsFm(k,r ) are calculated by the expressions

Smn~k!5(
n

exp~2 ikRn!

3E wm* ~r2RA!wn~r2RB2Rn!dr , ~14!

Pmn
s ~k!5(

i

occ

Cim
s* ~k!Cin

s ~k!. ~15!

The expansion coefficientsCim
s (k) are calculated by solving

matrix equations of the CO LCAO method for the crystal

Fs~k!Cs~k!5S~k!Cs~k!Es~k!, ~16!

whereFs(k) is the Fock operator matrix, andEs(k) is the
single-electron energy vector. Self-consistent solution
Eqs.~16! involves calculation of theFs(k) andS(k) matri-
ces over a finite special-point set in the Brillouin zone, a
integration over the zone required to calculate the eleme
of theFs(k) matrix is replaced by summation over the poi
set.9

2. LOCAL CHARACTERISTICS OF THE CRYSTAL
ELECTRONIC STRUCTURE

Because of the normalization of the multi-electron wa
function, Sp(r̂)5Ntot (Ntot is the total number of electrons i
the system,r̂5 r̂a1 r̂b). In view of the translational symme
try of the crystal, one can introduce density normalizati
per unit cell. Denoting byN the number of electrons per cel
we write in the matrix form

Sp~PS!5
1

VBZ
E

BZ
(
m

~PS!mm~k!dk

5(
m

~PS!m,m
A0,A05N. ~17!
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This relation permits one to use the diagonal elements
matrix (PS) to describe the electronic-density distributio
among the atoms in the system. In accordance with the d
nition of Mulliken,10 the electronic population of an atom
a sum of the elements of matrix (PS) over the basis orbitals
of this atom

NAn5NA05 (
mPA

~PS!mm
A0,A0

5 (
mPA

S (
n

(
l

Pml
A0,BnSlm

Bn,A0D
5 (

mPA
Pmm

A0,A01 (
BÞA

RA0,B01 (
nÞ0

(
B

RA0,Bn , ~18!

where the quantities

RA0,Bn5 (
mPA

(
lPB

Pml
A0,BnSlm

Bn,A0 ~19!

are called overlap populations. The charge on the atom
given by

QA05ZA02NA0 , ~20!

whereZA0 is the nuclear charge for an all-electron calcu
tion or the core charge if the pseudopotential approxima
is used. The absolute valueuQA0u is called also the electro
valence of an atom.

Recalling relation~8!, the expression for atomic popula
tions within the unresticted HF method can be recast in
form

NA05
1

2 (
mPA

~~~PS!2!mm
A0,A01~~PsS!2!mm

A0,A0!

5
1

2 (
mPA

S (
n

(
l

~PS!ml
A0,Bn~PS!lm

Bn,A0

1~PsS!ml
A0,Bn~PsS!lm

Bn,A0D
5

1

2 S BA0,A01 (
BÞA

BA0,B01 (
nÞ0

(
B

BA0,BnD , ~21!

where the quantities

BA0,Bn5 (
mPA

(
lPB

~~PS!ml
A0,Bn~PS!lm

Bn,A0

1~PsS!ml
A0,Bn~PsS!lm

Bn,A0! ~22!

are actually a generalization to crystals of the definition
bond order in a nonorthogonal atomic basis introduced4 ear-
lier for molecules.

When using an orthonormalized set of basis functio
the overlap matrixS is an identity matrix, which simplifies
considerably Eqs.~20!–~22!. The method most widely use
to obtain an orthonormalized basis is symmetric orthogon
ization of atomic basis functions by Lo¨wdin.11 The density
matrix P̃ in the Löwdin basis can be obtained from theP
matrix using the relationP̃5S1/2PS1/2. In this case, Eqs.~20!
of

fi-

is

-
n

e

f

,

l-

and ~22! are actually a definition of charge when analyzi
populations by Lo¨wdin11 or of the bond order by Wiberg.12

It appears natural to define the covalencyCA0 of atomA
in a crystal as a sum of the orders of all bonds of this at

CA05 (
BÞA

BA0,B01 (
nÞ0

(
B

BA0,Bn . ~23!

Using Eq. ~21!, one can readily express the covalen
only through the elements of matrix (PS) in the basis of
orbitals of atomsA:

CA052NA2BA0,A052 (
mPA0

~PS!mm
A0,A0

2 (
mPA0

(
m8PA0

~PS!mm8
A0,A0

~PS!m8m
A0,A0

2 (
mPA0

(
m8PA0

~PsS!mm8
A0,A0

~PsS!m8m
A0,A0 . ~24!

The restricted HF method may be considered as a
ticular case of the unrestricted one, for which the spin d
sity Ps in Eqs.~22! and ~24! is zero.

An expression for the total valence of an atom taki
into account both the ionic and covalent components
chemical bonding was proposed13

VA05
1

2
~CA01ACA0

2 14QA0
2 !. ~25!

An analysis of a large number of compounds with ion
covalent bonding showed that this relation permits obtain
reasonable values of the valence.5 The validity of the defini-
tion introduced was buttressed, however, by semiempir
calculations made on an orthogonalized atomic basis. T
work is a first systematic investigation of the validity of th
relation for nonempirical calculations on a nonorthogon
atomic basis made with the use of Eqs.~20! and ~24! for
atomic charges and covalencies.

3. ELECTRONIC STRUCTURE AND CHEMICAL BONDING IN
CRYSTALLINE TITANIUM OXIDES

The above formalism for calculation of local electroni
structure characteristics of crystals was applied by us t
number of titanium oxides with the metal atom oxidized
various degrees. Although the quadrivalent state of the t
nium atom is the most stable, the existence of oxygen co

TABLE I. Crystal structure of titanium oxides: space group, number
formula units per cellZ, and nearest interatomic distances.

Structural
characteristics TiO~hex! Ti2O3 TiO2~r! TiO2~a! TiO2~b!

Group P6̄m2 R3̄c P42 /mnm I41 /amd Pbca

Z 2 2 2 2 8
RTi2Ti, Å 3.03 2.58 3.00 3.10 2.95

3.24 2.99 3.55 3.76 3.06
RTi2O, Å 2.38 2.02 1.95 1.94 1.86

3.86 2.07 1.97 1.99 1.92
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TABLE II. Local electronic-structure characteristics of titanium oxides in the Hartree–Fock method.

Crystal Mulliken Löwdin

Pd QTi VTi VO Pd QTi VTi VO

TiO~hex! 2.38 1.62 2.14 2.04 2.70 1.27 2.30 2.15
Ti2O3 1.82 2.26 3.61 2.05 2.50 1.43 3.98 2.30
TiO2~r! 1.46 2.66 3.94 2.08 2.18 1.73 4.18 2.36
TiO2~a! 1.47 2.65 3.98 2.08 2.19 1.72 4.23 2.36
TiO2~b! 1.49 2.63 3.97 2.09 2.21 1.70 4.23 2.38
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pounds of titanium in formal oxidation states of III and II, a
well as of a series of nonstoichiometric compounds was
tablished.

Table I presents the space-group symbol, the numbe
formula units in the cell, and the shortest Ti–Ti and Ti–
distances for TiO,14 Ti2O3,

15 and TiO2 in the rutile (r ), ana-
tase (a), and brookite (b) modifications.

For the TiO2 and Ti2O3 crystals, band structure calcula
tions were carried out earlier both in the Hartree–Fock16,17

and local exchange18 approximations. We are not aware
the existence of any electronic structure calculations for T
The available publications focus attention primarily on d
scription of the band structure of titanium oxides and rest
the discussion of the nature of chemical bonding in th
compounds to an analysis of atomic charges.

We have used in this work both the restricted and unr
ricted HF treatments implemented in the CRYSTAL-
program.19 The core states were described in the calculati
by the pseudopotentials and on the atomic bases propos
Ref. 16. A self-consistent electronic-density calculation w
done over a grid of 216 BZ points. Self-consistent solutio
obtained with different starting density matrices were cons
ered for each compound by the scheme proposed in Ref
Tables II and III list the values corresponding to insula
solutions with the lowest total crystal energy.

Table II presents local electronic-structure characte
tics of the titanium oxides obtained by the RHF metho
namely, the Tid-orbital populationsPd and atom charges
QTi , as well as the atomic valencesVA . Also given are the

TABLE III. Local properties of chemicla bonding in titanium oxide crysta
in the restricted and unrestricted HF methods: titaniumd-orbital populations
Pd , atomic chargesQA , covalenciesCA , atomic valencesVA , and bond
ordersBAB for nearest-neighbor atoms.

Local
electronic-structure TiO~hex! Ti2O3 TiO2~r!

RHF UHF RHF UHF RHF
Pd 2.38 2.34 1.82 1.77 1.46
QTi 1.63 1.67 2.26 2.32 2.66
CTi 0.90 0.69 2.19 1.23 2.15
VTi 2.14 2.05 3.61 3.01 3.94
QO 21.63 21.67 21.51 21.55 21.33
CO 0.74 0.66 0.94 0.88 1.24
VO 2.04 2.03 2.05 2.05 2.08
BTi2Ti 0.03 0.01 0.89 0.03 0.01

0.00 0.00 0.00 0.01 0.01
BTi2O 0.11 0.10 0.20 0.19 0.36

0.00 0.00 0.21 0.19 0.30

Note. For the TiO2 crystal, the RHF and UHF results coincide.
s-

of

.
-
t
e

s-

s
in

s
s
-
0.

r

-
,

local characteristics calculated using Eqs.~20!–~22! in a
nonorthogonal atomic basis and a basis orthogonalized
cording to Löwdin. As follows from a comparison of the
results obtained from population analyses by Mulliken a
Löwdin, the Löwdin analysis shows the chemical bonding
the crystals under study to be largely covalent, with the to
valences of the titanium and oxygen atoms differing subst
tially from the expected stoichiometric values. It wa
shown21 that the calculations made using a valence atom
basis~without polarizing functions! in the Löwdin popula-
tion analysis agree better with the expected values.
population analysis by Mulliken made in a nonorthogon
basis was found to be less sensitive to the inclusion of
larizing functions into the calculation.

As seen from Table III, the results obtained with th
restricted and unrestricted HF methods for TiO2 ~with a for-
mal titanium configurationd0! do not differ practically from
one another. The results of a calculation of the local prop
ties of the TiO2 modifications shows them to be only weak
sensitive to structural changes.

The largest difference between the calculations mad
the RHF and UHF approximations was found for Ti2O3 with
a formal titanium atom configurationd1, where one can ex-
pect substantial spin polarization effects.

As seen from Table III, the RHF method predicts a hi
bond order between titanium atoms, which, in its turn, resu
in an overestimated titanium valence. This pattern of che
cal bonding is not borne out by experiments.

As follows from Table III, an increase in the degree
Ti oxidation from II to IV gives rise to an increase in th
charge on the titanium atom, but the relative ionicity and
absolute value of the charge on the oxygen atom decre
UHF calculations show that, in all the above insulator ox
gen compounds of titanium, there is no strong covalent
teraction among the metal atoms.

The valences of titanium and oxygen calculated w
Eqs. ~20!–~25! practically coincide with the expected sto
ichiometric values. This gives one grounds to hope that
above relations will prove to be applicable to an analysis
the valence states of atoms in nonstoichiometric titani
compounds.

Thus our study of titanium oxides shows that the sche
proposed here for the analysis of chemical bonding perm
description of the local electronic-structure characteristics
accordance with the common chemical concepts. The ab
consideration suggests that, when used in describing
electronic structure of poorly studied compounds, the lo
characteristics of chemical bonding may be treated as a
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tional quantities, whose analysis may provide an evalua
of the validity of the approach employed.

An appreciable role in transition-metal compounds
played by electron-correlation effects, which may be cons
ered within the framework of multi-configurational metho
employing the cluster model of the crystal. In this case, lo
characteristics can be calculated using the approach de
oped in Ref. 22.

Support of the Russian Fund for Fundamental Resea
~Grant 96-03-33796a! is gratefully acknowledged.

1!In the literature dealing with the theory of solids, the LCAO approximat
for crystal-field orbitals is sometimes erroneously identified with the tig
binding method, which is conventionally used as an interpolation sch
in calculations made with more rigorous methods.
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