PHYSICS OF THE SOLID STATE VOLUME 41, NUMBER 8 AUGUST 1999

Local characteristics of crystal electronic structure in the Hartree—Fock method
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The formalism developed in molecular theory for calculation of local electronic-structure
characteristics in a nonorthogonal atomic basis is generalized to systems with translational
symmetry. Expressions have been derived to describe the bond orders, covalency, and

valence in a crystal for restricted and unrestricted Hartree—Fock methods. Nonempirical electronic-
structure calculations and an analysis of chemical bonding in the, TGO, and TiO

titanium oxide crystals have been performed. 1899 American Institute of Physics.
[S1063-783%9)01108-9

The band theory of solids is usually employed to con-tional), involves additional approximations to calculate
sider characteristics of the electronic structure of a crystaglectronic-density-matrix elements in an atomic bisis.
which are associated with the potential periodicity and the  The present work generalizes the existing methods of
corresponding electronic-state delocalization over the crysdetermination of local electronic-structure characteristics to
tal, namely, the electronic energy bands, effective massesyystalline systems, which are calculated in terms of the band
etc. At the same time crystals, like molecules, are made up aghodel in the LCAO approximation using a nonorthogonal
atoms interacting with one another, which gives rise to elecatomic basis. An analysis is made of the one-determinant
tronic density localization along bondsovalent crystals ~ approximation for a multi-electron wave function of a crystal
around atomic nuclgionic crystalg, or to the more complex within the restricted RHF) and unrestrictedUHF) HF ap-
and most widespread pattern of electronic density distribuproaches.
tion. Section 1 considers the electronic-density operator and

In the recent decade, the Hartree—FdelF) method in  matrix in the atomic-orbital basis and derives an expression
the LCAO approximation, which had been already successwhich relates the density-matrix elements in the atomic basis
fully employed for a long time in molecular theory, has and the Bloch basis taking into account the translational
gained wide acceptance in calculations of the electronisymmetry of a crystal.
structure of crystal$.The HF method compares well in ac- Section 2 introduces definitions of local electronic-
curacy with other approaches while being, at the same timestructure characteristics in a nonorthogonal atomic basis for
the best starting approximation to take into account elecdifferent versions of the HF method.
tronic correlationg. This method enables nonempirical cal- Section 3 discusses the results of nonempirical HF cal-
culations of both band and local characteristics of the eleceulations of the local electronic-structure characteristics of
tronic structure of a crystal and can be extend readily tccrystalline titanium oxides for various degrees of oxidation.
cover systems with lower-order periodicifpolymers and
crys_:_ahl surfacc_as in thg plate .moﬁé?l : .. 1. CRYSTAL ELECTRONIC-DENSITY OPERATOR AND

e dgnsny matrix obt:_;uned in the calculation permltslvIATRIX IN THE LCAO APPROXIMATION
one to derive the characteristics employed usually when de-
scribing chemical bonding in molecules or crystdte elec- Consider the most widespread version of the HF method,
tronic configuration of an atom, atomic chard@g, atomic-  where, for the multi-electron wave function of a molecule or
bond ordersi,g and covalencyC,, and the total and free crystal, one takes a determinant constructed from single-
atomic valence¥,). electron wave functions, i.e., spin orbitalg’(r), where

In molecular theory, the local electronic-structure char-o= «, 8 are spin functions.
acteristics were defined for the orthogonalized atomic basis The single-electron functions are calculated by solving
used in approximate calculations, with subsequent generalthe HF equatiorfs
zation to the case of a nonorthogonal basis employed in HF
calculations’* ——A+V(r)+J Pre’ d3r')¢/;-”(r)

The first attempts at a theoretical determination of local 2 Ir—r’| '
electronic-structure characteristics of crystals have been 1
made only quite recently, and then only for the orthogonal - —f
basiS~" used in semiempirical versions of the HF method. 2

Note that determination of local characteristics by tradi-  The two-electron part of the Fock operator depends on
tional methods of band theory for solids, which make use, athe density matrix, which for a one-determinant wave func-
a rule, of the plane-wave basi®PW, APW, density func- tion can be expressed through spin orbitals

P (e dRr =BT (). 0

=]
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Prr':PrO:/"'Prr/:; Z PP (r'). )

The summation in Eq2) is carried out over the spin orbitals The 4"(r)=@,(r—Ra—

corresponding to occupied single-electron states.
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®,(k,)=2 expikRy)e@,(r— (10)

n

FQA-_-FQH)'

R,) atomic orbital is centered on
atom A in the unit cell with a translation vectdR,. The

Closed-shell systems are analyzed using the RHpensity operator for the crystal can be written

method, which requires coincidence of the spatial orbitals

corresponding to spins and B [ ¢{(r)= zpiﬁ(r)]. In the RHF
method, the spinless density operafer 239 ;) (| sat-
isfies the conditions of duodempotency

occ occ

,32=2Ei Iwi><wi|2§ )

occ

=4§ i) 8 Wil = 2p 3

In the UHF method, the orbitals for spirsand 8 are

considered independently, i.e., one takes into account spin (PUS)B“AO
polarization for electrons with opposite spins. The density

operators,, andp for electrons with sping and 8 and the
total-density operatop satisfy the relations
Pas

A~ A L a2
P=pPatPg: Pa=

Pe=pp: P*=(Patpp)’=2p—p2, (4)
whereps=p,—pg is the spin-density operator.
The single-electron functiong{ used in the LCAO ap-

proximation for molecules are presented in the form of a

linear combination of basis atomic otbitals

E CI)\(P)\

By applying the density operat@, to the atomic orbitalp,,
one obtains

©)

occ occ

Pol®,)= 2 AN 2 2 E ClrCAS .o,

=2 (P7S),,0,, (6)
whereS,,, qu (r)e,(r)dr are elements of the overlap ma-
trix S, and N —2°°°C”* C? . Equation(6) means that the
density operatop,, in the LCAO basis is presented by the
(P’S) matrix?

The operator relationg3) and (4) can be used to derive
matrix relations

(PS)%2=2(PS), (7)
(PS)2=2(PS) —(P%S)?, (8)

for the RHF and UHF methods, respectively, wikh=P*
+P# and PS=P*— P~
The crystal orbitals¥{(k,r) for systems with transla-

tional symmetry are presented in the LCAO approximation
in the form of a linear combination of Bloch sums of the

@, (k,r) atomic functions

V(k,r)= 2 C7 (KD ,(k,r), 9)

occ

- f 3 170 (W (k)] k. (11

Integration in Eq(11) is performed over the vectoksin the

first Brillouin zone.

Taking into account Eq9), we obtain

P (r)= E (PTS)RA%0RN(r), (12)

where

f(P‘T(k)S(k))wexp(ikRn)dk.
BZ BZ
(13

The matrix elementsS,,(k) and P, (k) in the basis of
Bloch sums®,(k,r) are calculated by the expressions

S, (k=2 exp—ikR,)

XJ ¢, (r=Ra)e,(r—Rg—Ry)dr, (14)

occ

k)Zc

The expansion coefficients{, (k) are calculated by solving
matrix equations of the CO LCAO method for the crystal

Fo(k)C7(k)=S(k)C(k)E(k), (16)

whereF?(k) is the Fock operator matrix, arl@d’(k) is the
single-electron energy vector. Self-consistent solution of
Egs.(16) involves calculation of thé&?(k) and S(k) matri-

ces over a finite special-point set in the Brillouin zone, and
integration over the zone required to calculate the elements
of tgle F?(k) matrix is replaced by summation over the point
set:

C/ (k). (15)

2. LOCAL CHARACTERISTICS OF THE CRYSTAL
ELECTRONIC STRUCTURE

Because of the normalization of the multi-electron wave
function, Spp) =N (N s the total number of electrons in
the systemp=p,+pg). In view of the translational symme-
try of the crystal, one can introduce density normalization
per unit cell. Denoting b the number of electrons per cell,
we write in the matrix form

1
SpP9 = Ve fBzg (PS),.(k)dk

_2 (pS)AO.AO (17)
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This relation permits one to use the diagonal elements oénd(22) are actually a definition of charge when analyzing
matrix (PS) to describe the electronic-density distribution populations by Lavdin'! or of the bond order by Wibert.
among the atoms in the system. In accordance with the defi- It appears natural to define the covaler@y, of atomA
nition of Mulliken,2° the electronic population of an atom is in a crystal as a sum of the orders of all bonds of this atom
a sum of the elements of matri®§) over the basis orbitals

of this atom Cao= > Baogo+ > > Baogn- (23
B#A n#0 B
Nan=Npo= E (PS)AO,AO Using Eqg.(21), one can readily express the covalency

only through the elements of matriXP@) in the basis of
orbitals of atomsA:

=S>[S 2 PAOBn BnAO

pneA n

=> PAOAO"‘ > RAO,BO+2 > Raogn, (18
BZA nZ0 “B

Cao=2Na—Baopo= 22 (P9LOAO

pneA _ z 2 (PS)AO,AO(PS)AOAO
where the quantities meh0 4" e p0
AQBNGEn A0 - Pss)’ AOAO PSS AOAO_ 24

Raogn= ; ;B Pix (19 M;AO MEE:AO( (P9, (29
are called overlap populations. The charge on the atom is The restricted HF met_hod may be con;idered as a par-
given by ticular case of the unrestricted one, for which the spin den-

sity PS in Egs.(22) and(24) is zero.
Qnro=Zp0— Nag: (20 An expression for the total valence of an atom taking

into account both the ionic and covalent components of

whereZ,, is the nuclear charge for an all-electron calcula-
A0 g chemical bonding was proposéd

tion or the core charge if the pseudopotential approximation

is used. The absolute valy®,o| is called also the electro- 1 > >

valence of an atom. Vao=5(Caot VCao+4Qho)- (25
Recalling relation8), the expression for atomic popula-

tions within the unresticted HF method can be recast in thé'n @nalysis of a large number of compounds with ionic-
form covalent bonding showed that this relation permits obtaining

reasonable values of the valercehe validity of the defini-
tion introduced was buttressed, however, by semiempirical
calculations made on an orthogonalized atomic basis. This
work is a first systematic investigation of the validity of this
:1 2 (z E (PS)AOB“ pS)BnA0 relation for nonempirical calculations on a nonorthogonal
A atomic basis made with the use of EqR0) and (24) for
atomic charges and covalencies.

1
Nao=3 2, (PS4 ((PS)D]0%)

+ ( PSS)Q%B”( PSS) Bn,AO

3. ELECTRONIC STRUCTURE AND CHEMICAL BONDING IN

1 CRYSTALLINE TITANIUM OXIDES
= 5| Baoaot > Baogot X > Bagen|, (2D . . _

B#A n=0 B The above formalism for calculation of local electronic-
where the quantities structure characteristics of crystals was applied by us to a

number of titanium oxides with the metal atom oxidized to
A0Bn Bn.AO various degrees. Although the quadrivalent state of the tita-
Baogn= E z (PSA" (PO, nium atom is the most stable, the existence of oxygen com-

+ ( PSS)AO Bn( PSS)Bn AO (22)

fTABLE I. Crystal structure of titanium oxides: space group, number of

are actually a generalization to crystals of the definition o formula units per celZ, and nearest interatomic distances.

bond order in a nonorthogonal atomic basis introdeed-
lier for molecules. Structural

When using an orthonormalized set of basis functionscharacteristics — Tithex)  TiO;  TiO,(r) TiOy(@)  TiOu(b)
the overlap matrixS is an identity matrix, which simplifies g oy

P6m2 R3c P4,/mnm W,/amd Pbca

considerably Eqs(20)—(22). The method most widely used z 2 2 2 2 8

to obtain an orthonormalized basis is symmetric orthogonalR;;_;, A 3.03 2.58 3.00 3.10 2.95
ization of atomic basis functions by alin.!! The density 324 299 355 3.76 3.06
matrix P in the Lowdin basis can be obtained from tie Rri-o A 2.38 2.02 1.95 1.94 1.86

3.86 2.07 1.97 1.99 1.92

matrix using the relatio® = SY2P S2. In this case, Eq$20)
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TABLE Il. Local electronic-structure characteristics of titanium oxides in the Hartree—Fock method.

Crystal Mulliken Lowdin

Pd QTI VT| VO Pd QTI VTl VO
TiO(heX 2.38 1.62 2.14 2.04 2.70 1.27 2.30 2.15
Ti,O3 1.82 2.26 3.61 2.05 2.50 1.43 3.98 2.30
TiOL(r) 1.46 2.66 3.94 2.08 2.18 1.73 4.18 2.36
TiOy(a) 1.47 2.65 3.98 2.08 2.19 1.72 4.23 2.36
TiO4(b) 1.49 2.63 3.97 2.09 2.21 1.70 4.23 2.38

pounds of titanium in formal oxidation states of Ill and Il, as local characteristics calculated using E¢20)—(22) in a
well as of a series of nonstoichiometric compounds was esaonorthogonal atomic basis and a basis orthogonalized ac-
tablished. cording to Lavdin. As follows from a comparison of the
Table | presents the space-group symbol, the number aksults obtained from population analyses by Mulliken and
formula units in the cell, and the shortest Ti—Ti and Ti—O Lowdin, the Lavdin analysis shows the chemical bonding in
distances for Tid;' Ti,05,'® and TiO; in the rutile (), ana-  the crystals under study to be largely covalent, with the total
tase @), and brookite ) modifications. valences of the titanium and oxygen atoms differing substan-
For the TiQ and TiO; crystals, band structure calcula- tially from the expected stoichiometric values. It was
tions were carried out earlier both in the Hartree—RB&ck  showr?® that the calculations made using a valence atomic
and local exchang® approximations. We are not aware of pasis (without polarizing functionsin the Lowdin popula-
the existence of any electronic structure calculations for TiOtion analysis agree better with the expected values. The
The available publications focus attention primarily on de-population analysis by Mulliken made in a nonorthogonal
scription of the band structure of titanium oxides and restricgsis was found to be less sensitive to the inclusion of po-
the discussion of the nature of chemical bonding in thesgarizing functions into the calculation.
compounds to an analysis of atomic charges. As seen from Table I, the results obtained with the

~ We have used in this work both the restricted and unresrestricted and unrestricted HF methods for Ti@ith a for-
ricted HF treatments implemented in the CRYSTAL-95 g titanium configuratioml®) do not differ practically from

1o L .
program.” The core states were described in the calculationgne another. The results of a calculation of the local proper-

by the pseudopotentials and on the atomic bases proposedygs of the TiQ modifications shows them to be only weakly
Ref. 16. A self-consistent electronic-density calculation wassensitive to structural changes.

done over a grid of 216 BZ points. Self-consistent solutions 11 largest difference between the calculations made in
obtained with different starting density matrices were consid,o RHE and UHE approximations was found fosdj with

ered for each compound by the scheme proposed in Ref. 2Q. ¢ 2 titanium atom configuratiod®, where one can ex-
Tables Il and Il list the values corresponding to msulatorpect substantial spin polarization effects.

solutions with the lowest total crysta_l energy. ) As seen from Table Ill, the RHF method predicts a high
Table Il presents local electronic-structure charactensbond order between titanium atoms, which, in its turn, results

tics Olf thtf] tlt_ra.r(;lumblct)ﬁldes Olbi.ameg by (tjhetRHF hmethOd'in an overestimated titanium valence. This pattern of chemi-
namely, the Tid-orbital popuialions=q and atom charges ., bonding is not borne out by experiments.

Qri, as well as the atomic valencwf,. Also given are the As follows from Table lll, an increase in the degree of

Ti oxidation from Il to IV gives rise to an increase in the
TABLE lIl. Local properties of chemicla bonding in titanium oxide crystals charge on the titanium atom, but the relative ionicity and the
in the restricted and unrestricted HF methods: titand:orbital populations  absolute value of the charge on the oxygen atom decrease.
P4, atomic charge®,, covalenciesC,, atomic valence¥/,, and bond  yHF calculations show that, in all the above insulator oxy-
ordersB,g for nearest-neighbor atoms. N . :

gen compounds of titanium, there is no strong covalent in-

Local teraction among the metal atoms.

electronic-structure Tithex Ti, 04 TiOL(r) The valences of titanium and oxygen calculated with
RHF UHF RHF UHF RHF Eqs (20).—(25) practlca_llly _commde with the expected sto-

Py 238 234 1.82 1.77 146 ichiometric values. This gives one grounds to hope that the

Qi 1.63 1.67 2.26 2.32 2.66  above relations will prove to be applicable to an analysis of

Cri 0.90 0.69 2.19 1.23 215  the valence states of atoms in nonstoichiometric titanium

Vri 2.14 2.05 3.61 3.01 3.94 compounds.

Qo -1.63 -1.67 -151 -155 —1.33 Th tudv of titani id h that th h

Co 074 0.66 0.94 088 124 us our study of titanium oxides shows that the scheme

Vo 2.04 2.03 2.05 2.05 208 proposed here for the analysis of chemical bonding permits

Bri_Ti 0.03 0.01 0.89 0.03 0.01  description of the local electronic-structure characteristics in

0.00 0.00 0.00 0.01 0.01  accordance with the common chemical concepts. The above
Brio 011 0.10 0.20 0.19 036 consideration suggests that, when used in describing the
0.00 0.00 0.21 0.19 0.30 ) .
electronic structure of poorly studied compounds, the local
Note For the TiQ crystal, the RHF and UHF results coincide. characteristics of chemical bonding may be treated as addi-
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