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Spin-functions for one electron
first quantization

Two spin-functions, a(mg), B(ms)
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e (v is 'spin-up’,  is 'spin-down’



a and 3 as functions of mg

e ms can take the two values %, —%

ea(d)=1,a(-%) =0

e 5(3) =0,6(~3) =1



Integration over spin

o Basy : [ dmsf(ms) = f(5)+ f(—5)
e v, 3 constitute an orthonormal basis
1. [ dmsa*(mg)a(ms) =
[ dm3*(my)Bms) = 1
2. [ dmsa*(mg)B(ms) =0

e (easily checked from definitions)




Spin-orbitals in first and second quantization

e [irst quantization : separate functions for
spatial- and spin-parts, e.g. ¢;(r)a(ms)

e Second quantization : Both spatial and spin-

f

parts created by one operator a,

e Groundstate of Hy : aJ{ o Oza]{gg 5]Vac>



Various types of operators

Spin-free operators

e Operator that does not change spin-functions
fa=af* [B=0f" @

e Operators like kinetic energy and Coulomb-
repulsion depend only on spatial coordinates
and are therefore spin-free



Pure spin-operators

e Operators that does not change spatial func-
tions

fehi(r) = ¢i(r) f© (3)
e Operators like S, S_. 52 are of this type

Mixed operators

e Changes both spatial- and spin-parts



One-electron operators in SQ
e Spin-orbital i : ig; (yesterday it was just i)

e Second quantization representation of one-
electron operator

o T
h = Z hioijo; %, j0;
103)0

Z'O'Z'j()'j

/ dr / dmsi(x)* a3 (ms)*h(r, ms); () (ms)



Example of pure spin-operator in SQ :

Form

S+ — Z (S—i—)iJijO'ja;'LgiajOj
7;0'7;]'0']'
(S—F)iUZ'jOj — ?
e Remember of S in FQ

e Use this to calculate integrals (S5 );q, jo,
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S_|_ 11 FQ

S_|_ﬁ = 5_1_04 =0
S+p; = ¢; S+ (St is pure spin-operator)

The integrals (54 )iq.j0 j

(SJr)iaZ-jaj
:/dr/dm8¢i(r)*0i(m8)*s+(m8)¢j(r)gj(ms)

= [ dr ou(e705(0) [ dmer ) S (ma)o
— 57;]-502.0450].5
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Corresponds to intuitive picture : changes 5 to «
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Form of spin-free one-electron operator in SQ

The integrals hj,. o

w”/a‘;r / dms ¢i(r)*oi(ms) h(r)p;(r)o;(ms)
— [ [ ams imarayiome) [ dr 6w b,

P

— 5(7in hzy
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(hiaijaj = 502-0jhz'j>
7 — . . —‘- .
h = E hwmgjawiajgj

Z'O'Z'jO'j

_ I

’iO'Z'jO'j

S h (Y alajy)
19 o
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(h sz ’L](Za Zo'aj0'>)

Introduce

Lijj = a;raaja
o
= OLJr o%ia T aTﬁ a;g
FEj; 1s an generator of the linear group
A spin-free one-electron operator then reads

e 11;; depends on orbitals

o [);; excites - and - spin orbitals
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Spin-free Two-electron operator in SQ
General two-electron operator in SQ

g ot
9= 5 Z giaijajkaklalaiaiakakalalajaj

10,50 jkoyloy
(4)

Simplification for spin-free two-electron operator

Yioijoikoplo; = gijk’l(saigj 60k0l
Giiki = / drdr’ () 81 (') (x, ') (T) by ()

Gives Spin—free two-electron operator

9= Zgwkl Zawak 1Y)

zykl
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A simple rewrite

9=73 Zgwkz Z 115} 111510

zgkl

__Zgz]kl Z k /a’]O'a’lo')

zykl

_ f
— 75 Z gzgkl m —Qjgy T 5j/€500’)al0’>
zykl

T f
Z gwkl awajaak 5! = 0505 0ls)

zykl

=35 Z 9@'jkl<Ez'jEkl N
ikl
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The Hamiltonian in SQ

e One-electron part containing kinetic energy
and nuclear attraction «— h

e T'wo-electron part containing electron-electron
repulsion «— g

e Spin-free !
H=h+g

1
= hijEij+ 5 > gijii(Eij By — 61.Eq)
] 15kl
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And now for something completely different
Orbital-rotations using exponential mappings

Problem

e A set of orthonormal spinorbitals is given ¢

e Obtain all orthonormal orbitals ¢ that can
be obtained as linear combinations of ¢

~

¢» =X
(@ildj) = 04
e We want a simple paramerization of all or-
thonormal spin-orbitals ¢

e Occurs in SCF and MCSCF optimization

e ( Note : 1, j refers now to spin-orbitals)

19



Why not use the elements of X as parameters 7

e The required orthonormality of é requires
that X is unitary

XX =1
e The unitary conditions on X gives constraints
on its elements

e The elements of X can therefore not be used
as independent parameters

e A parameterization of unitary matrices may
be obtained in terms of exponential matrices

20



Exponential matrices
Definition

1
n=0,00

1
:1+A+§A2+---

e Straightforward extension of Taylor-expansion
of exp(x), where x is a number

e Converges for any choice of finite A ( assum-
ing finite dimension)
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Relations

exp(A)exp(—A) =1
exp (A)T = exp(AT)
Bexp(A)B™! = exp(BAB™))
exp(A + B) = exp(A) exp(B)iff|A, B] = 0

The Baker-Cambell-Hausdorf (BCH) expansion

exp(A)Bexp(—A) =B + [A,B] + %[A, A B]

+ ..o 4 [A,[A,,[A,B]H_F

1
n!
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Unitary matrices as expontials
of antihermitian matrices

X = exp(ik)
XX = 1(X is unitary)
k! = k(K is Hermitian)

1 : exp(ik) is unitary

eXp(m)T exp(ik) = exp(—ik) exp(ik)
=1
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2 All unitary matrices may be written as exp(ix)

e A unitary matrix X may be diagonalized X =
UeUT, UUT =1

e € is a diagonal matrix and |¢;| = 1

o |c;| =1 — ¢; = exp(id;), 9; is real

e Therefore X = U exp(i6)UT = exp(iUSUT)
e USUT is Hermitian, (USUT)T = USUT

e We have therefore proved that any unitary
matrix can be written in the stated form
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What is so great about X = exp(ik)

e [t as easy to obtain a independent set of pa-
rameters for an Hermitian matrix

1. Take the elements at or below the diagonal
as the independent parameters

2. Obtain the elements above the diagonal as

* . .

A parameterization of all sets of orthonormal orbitals

OIiij,i>j rk — X — @
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The energy as a tunction of orbitals

~

o £ = F(¢) = E(Ky,,), for example the SCF
energy

e The energy is now a function of a set of in-
dependent parameters

e Standard numerical methods like Quasi-Newton
methods or the Newton method may then be
used to optimize energy

e If some use for SCF', essential for MCSCF
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Rotation of creation-operators

~

e Rotated orbitals : ¢; = Zj Xjipj, X =
exp(iK)

e A creation operator creating on electron in

spin-orbital ¢; - &;-f = > i a;f-X

e An ONV of rotated spin-orbitals aTa; - |vacy =
ot al . .
2 iy Gy Gy 10800 X 11X 50
e Complicated form
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An operator form of al

o = Y al(exp(ir));

e We will show that ELJ}-L = e}qo(i/%)a;r exp(—ik)

° K = ) ;i K,Z'ja;-LCLj (k is an Hermitian one-
electron operator)

e Fixponential of operator is defined as expo-

nential of matrix and have the same proper-
ties and relations.
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Proot of operator form

e The BCH expansion gives

2
exp(m)an exp(—ik) = ahﬂ[ TH%[,%’ %, aI]H. .
e Calculating the commutators gives

exp( )aJr exp(—m)

-
Z Zl 9

M
=
_|_
%
_|_
a3
_|_
X

= Zexp iy ;m-a,k
k
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A compact form of ONV with rotated operators

|5N\//> = &I&; <+ aplvac)

= exp(i/%)aJ{ exp(—ik) eXp(i/%)ag exp(—ik)

f

-+~ exp(ik)ay, exp(—ik)

P

= exp(ik)aay - - - ahvac)

ONV)

e Applying a single exponential operator ro-
tates all the spin-orbitals !

vac)

= exp(ik)
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Unrestricted &

f

®ifk = 1) ;ikjja;aj with kK general Hermi-
tian matrix —complete general spin-orbital
transformation
1. Allows the orbital to become complex (el-
ements of ik may be complex)

2. - and (-spinorbitals are allowed to get
different spatial parts

3. a- and (-spinorbitals are allowed to mix
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Restriction to real orbitals

e Restrict ik to real elements

e Corresponds to restricting k to be an purely

Imaginary antisymimetric matrix

_ AL AL A
Rig =1 Rij, Rig = — Ry

e Then
1k = iz iA/iija,l-Laj

]
A A
- — Z liz'ja;[aj — Z /fijagaj

1> 1<J
_ AT AT
= — Z /fijaiaj — Z mjiajai
1> 1>

= — Z A/fij(a;raj — aj-ai)

1>
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Restrictions on spin-orbitals

e o~ and (-spin-orbitals should not mix :

Aiiajs = hiajs =0

e - and (3-spin-orbitals should rotate in the
Sallle way Alii&j@ — A’iiﬁjﬁ = Aliij

e Restricted form of ik become

- A

1K

= — Z A/{@j(ajaaja -+ ajﬁajﬁ — a}aai@ — a;[.ﬁaw)
i>]

= > Awij(Eij — Eji)
ij

( sum over 4, j are now over orbitals)
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Restricted rotation of ONV

\m> = exp(ik)|[ONV)
_ AL (p. g
= exp(— E HZJ(EZJ — E]z))‘ONV>
1]

This is -with small notational differences, the
form B. Roos will use in the MCSCF lectures

34



